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MODULI SPACES OF GENERALIZED HYPERPOLYGONS
STEVEN RAYAN AND LAURA P. SCHAPOSNIK
Abstract. We introduce the notion of generalized hyperpolygon, which arises as a representation,
in the sense of Nakajima, of a comet-shaped quiver. We identify these representations with rigid
geometric figures, namely pairs of polygons: one in the Lie algebra of a compact group and the
other in its complexification. To such data, we associate an explicit meromorphic Higgs bundle on
a genus-g Riemann surface, where g is the number of loops in the comet, thereby embedding the
Nakajima quiver variety into a Hitchin system on a punctured genus-g Riemann surface (generally
with positive codimension). We show that, under certain assumptions on flag types, the space of
generalized hyperpolygons admits the structure of a completely integrable Hamiltonian system of
Gelfand-Tsetlin type, inherited from the reduction of partial flag varieties. In the case where all
flags are complete, we present the Hamiltonians explictly. We also remark upon the discretization
of the Hitchin equations given by hyperpolygons, the construction of triple branes (in the sense of
Kapustin-Witten mirror symmetry), and dualities between tame and wild Hitchin systems (in the
sense of Painleve´ transcendents).
In memory of Sir Michael Atiyah (1929-2019), an inspiration to geometers the world round.
Contents
1. Introduction 2
2. Review of Nakajima quiver varieties 4
2.1. Doubled quivers 4
2.2. Calculus of quiver moment maps 6
3. Generalized hyperpolygons 8
3.1. Flag varieties and comets 8
3.2. Geometry of generalized (hyper)polygons 12
3.3. U(1)-action on hyperpolygons 13
4. Relationship to Higgs bundles 14
4.1. Analogy with Hitchin equations 14
4.2. Associated meromorphic Higgs bundle and tame character varieties 14
4.3. Comparison in the D˜4 case 16
5. The integrable system 17
6. Further directions 20
6.1. Mirror symmetry and triple branes 20
6.2. Dualities between tame and wild hyperpolygons 21
References 22
Date: August 25, 2020.
Key words and phrases. hyperpolygon, generalized hyperpolygon, comet-shaped quiver, star-shaped quiver, quiver
variety, Nakajima quiver variety, hyperka¨hler variety, Higgs bundle, character variety, integrable system, complete
integrability, Gelfand-Tsetlin system, triple brane, mirror symmetry.
1
ar
X
iv
:2
00
1.
06
91
1v
2 
 [m
ath
.A
G]
  2
4 A
ug
 20
20
2 STEVEN RAYAN AND LAURA P. SCHAPOSNIK
1. Introduction
One constant theme in the work of Michael Atiyah has been the interplay of algebra, geometry,
and physics. The construction of complete, asymptotically locally Euclidean (ALE), hyperka¨hler
4-manifolds — in other words, of gravitational instantons — from a graph of Dynkin type is
the capstone of a particular program for constructing Ka¨hler-Einstein metrics, relevant to both
geometry and physics and using only linear algebra. This construction is at once the geometric
realization of the McKay correspondence for finite subgroups of SU(2) [38], a generalization of the
Gibbons-Hawking ansatz [15], and the analogue of the Atiyah-Drinfel’d-Hitchin-Manin technique
[2] for constructing Yang-Mills instantons. The construction completes a circle of ideas. First, an
instanton metric is determined, up to isometry and the integration of certain periods, by the metric
on the tangent cone at infinity, as in Kronheimer [33]. The metric data at infinity is given by a
copy of C2 with the standard norm subjected to a Kleinian singularity. The Kleinian singularity is
produced by quotienting C2 by a finite subgroup Γ < SU(2). Finally, Γ is determined by an affine
ADE Dynkin diagram (or quiver). Bringing this full circle, the quiver variety for the diagram, in an
appropriate sense and with appropriate labels, is an instanton in the isometry class of the original
one.
Historically, the Gibbons-Hawking ansatz (the type A case of the above correspondences) and
the ADHM method anctipate the Nakajima quiver variety construction [39], which goes beyond
instantons and 4-manifolds. The construction is a recipe for producing noncompact hyperka¨hler
varieties with arbitrarily large dimension from representation-theoretic data. Our present interest
in these quiver varieties stems from some formal similarities between Nakajima quiver varieties and
the Hitchin system, which is an integrable system defined on the total space of the moduli space
of semistable Higgs bundles on an algebraic curve. The Hitchin system is a noncompact, complete
hyperka¨hler variety and, as with every Nakajima quiver variety, possesses an algebraic C×-action.
While Nakajima quiver varieties are finite-dimensional hyperka¨hler quotients, the Hitchin system is
an infinite-dimensional hyperka¨hler one in the sense of [24]. By some estimate, the Nakajima variety
that comes “closest” to the parabolic Hitchin system in genus 0 is the one arising from a star-shaped
quiver, which is an object interlacing a number of A-type quivers. This particular quiver variety
can be regarded as a moduli space of so-called hyperpolygons: this is both the hyperka¨hler analogue
of the moduli space of polygons studied, for instance, in [28] and the ALE analogue of the moduli
space of parabolic Higgs bundles at genus 0. Hyperpolygon spaces first appeared in [32] and were
studied from symplectic and toric points of view in [18].
The connection between hyperpolygon spaces and rank-2 parabolic Higgs bundle moduli spaces
at genus 0 is initiated in the work of [16, 6]. This was generalized to arbitrary rank in [12],
where the hyperpolygon space is explicitly identified with a degenerate locus of a corresponding
Hitchin system. They prove that this locus forms a sub-integrable system and furthermore show
that the cohomology of the quiver variety has the hyperka¨hler Kirwan surjectivity property (which
was later established for all Nakajima quiver varieties in [37]). A compact version of the rank 3
correspondence appears in [27] while a version of this correspondence for logarithmic connections
appears in [44]. A general overview of the relationship between hyperpolygons and Higgs bundles
at genus 0 is also provided in [42].
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In this article, we extend this interaction between quiver varieties and Hitchin systems further
by considering comet-shaped quivers, which are star-shaped quivers with extra loops on the central
vertex. These are depicted in Fig. 1. In addition to the extra loops, we allow arbitrary flags along
each “arm” of the comet.
Figure 1. A “comet-shaped” quiver.
These quivers have been considered from a number of perspectives, such as in [11, 19]. The work
of [19] in particular suggests a close connection between Hitchin systems, character varieties, and
comet-shaped quiver varieties. The role of the extra loops is to increase the genus of the associated
Hitchin system or character variety. In this paper, we formalize this relationship. After reviewing
the construction of the Nakajima quiver variety associated to such a quiver, we describe classes in the
Nakajima quiver variety associated to Fig. 1 geometrically as generalized hyperpolygons, which are
pairs of polygons, one in the Lie algebra of a compact group and the other in its complexification.
A Hamiltonian action of U(1) is described, in analogy with the Hitchin system: it acts on one
polygon while preserving the other, much as Higgs fields are rescaled while the holomorphic vector
bundle is left invariant. We also remark upon how the real and complex moment map equations for
generalized hyperpolygons are discrete analogues of the Hitchin equations, which to our knowledge
has not been remarked upon in prior literature on hyperpolygons. Motivated by these observations,
we describe how to associate an explicit meromorphic Higgs bundle on a Riemann surface of genus
g to such a pair of polygons, where g is the number of loops in the quiver, leading to an embedding
map from the generalized hyperpolygon space into a moduli space of meromorphic, or equivalently
twisted, Higgs bundles on a complex curve. This is Theorem 5. The image of the map generally has
positive codimension and does not respect the hyperka¨hler structures, as the Nakajima metric on
the generalized hyperpolygon space is already complete. We discuss a particular example, where the
quiver has no loops and is the affine Dynkin diagram D˜4. In this special case, the dimensions of the
quiver variety and the associated Hitchin system are equal and the complement of the embedding
is the Hitchin section.
We then specialize to the case where each arm is either complete or minimal (where “minimal”
means that the arm has exactly two nodes, an outer node and the central node, and the outer
nodes are labelled “1”). In this case, we prove Theorem 6: the generalized hyperpolygon space
admits the structure of an algebraically-completely integrable Hamiltonian system of Gelfand-
Tsetlin type. We do this by appealing to the point of view that the quiver variety is a symplectic
reduction of the product of cotangent bundles of partial flag varieties originating from the arms of
the quiver, together with a product of contangent spaces of Lie algebras coming from the loop data.
Our argument relies essentially on being able to pass back and forth between the symplectic and
geometric quotient. As a result, we provide a maximal set of explicit, functionally-independent,
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Poisson-commuting Hamiltonians in the case where every arm is complete (Corollary 7). This
result is significant as it establishes the existence of explicit sub-integrable systems within parabolic
Hitchin systems defined using only representation-theoretic data and not the complex structure on
a Riemann surface.
Finally, in Section 6 we anticipdate two dualities involving hyperpolygons: mirror symmetry and
a tame-wild duality. For the former, we consider the construction of triple branes in the moduli
space of generalized hyperpolygons, as per the considerations of Kapustin-Witten [29]. For the
latter, we discuss briefly an ambiguity between two types of comet quiver that leads to a passage
from wild Higgs bundles to tame ones. Both of these discussions anticipate further work.
Acknowledgements. We thank D. Baraglia, I. Biswas, P. Crooks, J. Fisher, S. Gukov, T. Hausel,
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2. Review of Nakajima quiver varieties
The literature on Nakajima quiver varieties is, by now, more or less standard, although there are
a few competing conventions. We take a moment to establish ours. We also feel it might be useful
to establish the “calculus” of quiver moment maps — that is, the rules out of which moment maps
for group actions on the representation space of a quiver are built.
2.1. Doubled quivers. Let Q be an ordinary quiver, meaning a directed graph with finitely-many
vertices and directed edges. We will use the terms “vertex” and “node” interchangeably; likewise,
“edge” and “arrow”. We will denote the vertex set by V (Q) and the edge set by E(Q). These
data completely determine Q up to graph isomorphism. We will permit multi-edges; that is, we
will allow two or more edges to have the same tail and head. If u, v ∈ V (Q), we will denote the set
of edges with tail u and head v by Eu,v(Q). Clearly, we have
E(Q) =
⋃
(u,v)∈V (Q)×V (Q)
Eu,v(Q)
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as a disjoint union. The subset
L(Q) :=
⋃
u∈V (Q)
Eu,u(Q)
is the loop set of Q. Finally, we shall denote by Q the associated doubled or Nakajima quiver,
which is fashioned from Q in the following way. First, we define a set Dv,u(Q). To begin, the set is
empty. Then, for each e ∈ Eu,v(Q), we create an element −e of Dv,u(Q). This element −e will be
given a graph-theoretic interpretation as an arrow from the node v to the node u. Next, we form
the disjoint union Ev,u(Q) = Ev,u(Q) ∪ Dv,u(Q). We subsequently define a graph Q by setting
V (Q) = V (Q) and Eu,v(Q) = Eu,v(Q). A key feature of a Nakajima quiver is that we remember
which edges came from the original quiver, and so for each (u, v) we have the distinguished subset
Eu,v(Q) ⊂ Eu,v(Q). In other words, we remember which edges are “e” arrows and which are “−e”
arrows. (It is often the case that the original set Eu,v(Q) is empty while Eu,v(Q) is nonempty, e.g.
when there is an arrow in Q pointing from v to u but none from u to v.) Typically the extra edges
−e, called doubled edges, are drawn dashed to emphasize the original quiver. An example appears
in Figure 2. In particular, the set of loops of the Nakajima quiver, L(Q), has a distinguished subset
L(Q) consisting of precisely the loops of the original quiver.
u0 u0
un
u1
u2
u3
u4
u5
u6
un
u1
u2
u3
u4
u5
u6
· · · · · ·
Figure 2. Left, a quiver Q with nodes ui; right, the doubled quiver Q obtained from Q.
For our purposes, we need not only a quiver but also a set of labels for the quiver. A labelling
consists of a tuple (ru)u∈V (Q) where each ru is a positive integer. A representation of Q is the
choice of a linear map xeu,v ∈ Hom(Cru ,Crv) for each u, v ∈ V (Q) and each e ∈ Eu,v(Q). If the set
Eu,v(Q) is empty, then we take x = 0 ∈ Hom(Cru ,Crv). We put
Repu,v(Q) := Hom(Cru ,Crv)⊕|Eu,v(Q)|.
The direct sum of these vector spaces for all pairs (u, v) is denoted Rep(Q), which we shall refer to as
the space of representations of Q. For Q, however, we do not construct its space of representations
in this way. Consider an edge e ∈ Eu,v(Q) 6= ∅ and its corresponding doubled edge −e ∈ Ev,u(Q).
For e, we choose a representation xeu,v ∈ Repu,v(Q) as above. On the other hand, for −e, we assign
to it an element y−ev,u of the cotangent space
T ∗xeu,vRepu,v(Q) = T ∗xHom(Cru ,Crv) ∼= Hom(Cru ,Crv)∗ ∼= Hom(Crv ,Cru).
The right-most duality, given simply by the trace pairing, makes it clear that the “direction” of
y−ev,u as a map is consistent with the direction of the actual arrow given by −e. If, on the other
hand, we have Eu,v(Q) = ∅, then x = 0 and y ∈ T ∗0 〈0〉 and so y = 0 too.
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In general, a representation of Q is a point
(x, y) := (xeu,v, y
−e
v,u)(u,v)∈V (Q)×V (Q), e∈Eu,v(Q) ∈ Rep(Q) = T ∗Rep(Q).
The main idea here is that the y data (i.e. the representations of the doubled edges) are not
independent of the x data (i.e. the choices made for the original edges). In some instances, we will
write y−ev,u(x) to emphasize the dependence.
For our purposes we will declare a single node ? ∈ V (Q) to be the central node. This node will
play a special role with regards to the construction of the so-called (Nakajima) quiver variety, a
(quasi)projective variety associated to the quiver and its labelling. We will also impose the following
rules: only the central node may have loops. In other words, L(Q) = L?,?(Q) (and likewise for
Q). Furthermore, we demand that the set E?,v(Q) is empty for every v 6= ? in V (Q). In other
words, if e is an edge in Q that is not a loop, then ? cannot be the tail vertex of that edge. We
will typically use a` to denote a representation of a loop ` ∈ L(Q) based at the central node and
b−` for a representation of the corresponding doubled loop. Furthermore, we impose the condition
that a` is always a trace-free element of Hom(Cr? ,Cr?), and so a` can be identified with an element
of sl(r?,C) (and then so can b` by the duality between sl(r?,C) and its cotangent space at a`).
2.2. Calculus of quiver moment maps. Consider now the decomposition of the vertex set V (Q)
into ∆ ∪ {s}. We construct the group
G =
(∏
u∈∆
U(ru)× SU(r)
)
/± 1,
and denote by g its Lie algebra. This group acts by change of basis in the expected way on Rep(Q):
U(ru) and U(rv) act by multiplication on the right and the left, respectively, of x
e
u,v. The component
SU(r) acts by multiplication on one side of representations of arrows entering or leaving the central
node, and specifically by conjugation on any element of Ls,s(Q). We regard G as acting through
its complexified adjoint action on pairs (xeu,v, y
−e
v,u) in Rep(Q) := T ∗Rep(Q).
The action by G (respectively, by GC) is Hamiltonian with respect to the standard symplectic
form on Rep(Q) (respectively, Rep(Q)). In particular, there are two moment maps that one can
associate to the complex action. These are the real moment map,
µ : Rep(Q) −→ g∗, (2.1)
and the complex moment map,
ν : Rep(Q) −→ (g∗)C. (2.2)
Each node u of Q generates a component of the codomain of each moment map, which will
be the dual of an appropriate Lie algebra (either u(ru)
∗ ∼= Rr2u or su(r)∗ ∼= Rr2−1 or their com-
plexifications). We can denote this component of µ (respectively, of ν) by µu (respectively, by
νu).
If u 6= ?, then we have
µu(x, y) =
 ∑
v∈V (Q)
∑
e∈Ev,u(Q)
xev,u(x
e
v,u)
∗ − (y−eu,v)∗y−eu,v
−
 ∑
v∈V (Q)
∑
e∈Eu,v(Q)
(xeu,v)
∗xeu,v − y−ev,u(y−ev,u)∗
 ,
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where ∗ denotes the conjugate transpose. Note that this map does not actually take values in the
Lie algebra, but rather in the image of the Lie algebra under multiplication by an imaginary factor.
For our purposes, this multiplication (which amounts of an isomorphism of complex varieties) is
insignificant. On the other hand, if u = ?, then we have
µ?(x, y, a, b) =
 ∑
v∈V (Q)
∑
e∈Ev,?(Q)
xev,?(x
e
v,?)
∗ − (y−e?,v)∗y−e?,v

0
+
∑
`∈L(Q)
[a`, (a`)∗] + [b−`, (b−`)∗],
where the subscript 0 means that we have removed the trace.
We similarly have
νu(x, y) =
 ∑
v∈V (Q)
∑
e∈Ev,u(Q)
xev,uy
−e
u,v
−
 ∑
v∈V (Q)
∑
e∈Eu,v(Q)
y−ev,ux
e
u,v

whenever u 6= ?, and
ν?(x, y, a, b) =
 ∑
v∈V (Q)
∑
e∈Ev,?(Q)
xev,?y
−e
?,v

0
+
∑
`∈L(Q)
[a`, b−`].
Let Z(g) denote the centre of the Lie algebra. We can now define the following moduli spaces
of representations of Q and Q, respectively:
Definition 1. If α ∈ Z(g), then
PQ(α) = Rep(Q) //α G := µ−1(α)/G
and
XQ(α) = Rep(Q) // α G := (µ−1(α) ∩ ν−1(0))/G
are the (ordinary) quiver variety and the Nakajima quiver variety, respectively, associated
to the labelled quiver Q at level α.
In this definition, the former variety is a symplectic (or Marsden-Weinstein [36]) quotient while
the latter is a hyperka¨hler (or Hitchin-Karlhede-Lindsto¨m-Rocˇek [24]) quotient. Here, the element
α is regarded as a choice of symplectic (or Ka¨hler) modulus. Algebro-geometrically, the former
is projective while the latter is quasiprojective (in fact, affine). Both quotients can be realized as
geometric invariant theory (GIT) quotients by GC, as per the Kempf-Ness Theorem [30]. In the
definition of PQ(α), all of the y and b inputs in the moment maps µ and ν are zet to 0. We denote
elements of PQ(α) by [x, a] and elements of XQ(α) by [x, y, a, b].
By theorems of King [31] and Nakajima [39], these quotients are smooth whenever α is sufficiently
generic. It is also true that
dimC PQ(α) = dimC Rep(Q)− 2 rankCG
and
dimCXQ(α) = 2 dimC PQ(α).
The dimension of the Nakajima quiver variety follows from the fact that the containment
T ∗PQ(α) ⊂ XQ(α)
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as is open dense (and in some instances the complement is in fact empty). The variety PQ(α) is
the zero section of the bundle, which is where all of the y maps are 0.
Regarding the hyperka¨hler geometry of XQ(α), note that we are taking the quotient of three
level sets (of µ and of the real and imaginary parts of ν) inside a trivial hyperka¨hler space. If i
is the square root of −1 as per usual acting by multiplication on T ∗Rep(Q), then T ∗Rep(Q) is a
quaternionic affine space with standard Hermitian norm h quaternions I, J,K given by
I : (x, y, a, b) 7→ (ix, iy, ia, ib), (2.3)
J : (x, y, a, b) 7→ (−y∗, x∗,−b∗, a∗), (2.4)
K : (x, y, a, b) 7→ (−iy∗, ix∗,−ib∗, ia∗). (2.5)
There are respective symplectic forms given by
ωI(·, ·) = h(I·, ·), ωJ(·, ·) = h(J ·, ·); ωK(·, ·) = h(K·, ·), (2.6)
The quotient XQ(α) inherits I, J,K and h, and the respective symplectic forms — we repeat
these names without confusion. The quotient metric h is now a nontrivial one, the Nakajima metric.
Its asymptotics are part of separate work (with H. Weiß); here, all we require is its existence.
3. Generalized hyperpolygons
The moment maps in Section 2 can be used to define (Nakajima) quiver varieties for any quiver
with a central node as defined in that section. We now restrict our attention to particular shapes
of quivers, leading to what we call moduli spaces of generalized (hyper)polygons. Rather than doing
this in one fell swoop, we will do this in stages, first by constructing partial flag varieties and then
by interlacing their quivers to produce star-shaped and comet-shaped quivers.
3.1. Flag varieties and comets. A natural starting point for the whole subject of quiver varieties
is the partial flag variety (over C, for us). We can think of a partial flag variety as an operation
that associates to a string of positive integers r1 < r2 < · · · < rm a complex projective variety
Fr1,...,rm that parametrizes, up to isomorphism, nested subspaces V1 ⊆ · · · ⊆ Vm whose dimensions
are determined respectively by the string and where Vm is fixed (i.e. its automorphisms are not
permitted to act). The string 1, 2, . . . , r leads to the complete flag variety of rank r. On the other
hand, the short string 1, r is the minimal flag variety of rank r. Computing the dimension of the
flag variety is a standard exercise, from which we obtain
fr1,...,rm := dimCFr1,...,rm =
m−1∑
i=1
ri(ri+1 − ri).
In the case of the complete flag variety, this dimension becomes
f1,...,r =
r(r − 1)
2
.
In the case of the minimal flag variety, which only has one subspace, this dimension becomes
f1,r = r − 1. For economy, we will denote the string as a vector r = (r1, . . . , rm) and thus refer to
Fr and fr. We will also put [r] := (1, 2, . . . , r).
The flag variety Fr is the (ordinary) quiver variety for an A-type quiver Q labelled by the string
r, with equioriented arrows pointing towards the largest number in the string, as in Figure 3 (a).
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The node with the largest label, rm, is declared to be the central node ?. We may also consider
the Nakajima quiver variety for Q (see Figure 3 (b)), which in this case is identified precisely with
T ∗Fr as a hypertoric variety.
Figure 3. (a) An A-type quiver Q; (b) the corresponding doubled quiver Q.
To see how the variety Fr arises as a quiver variety as in the sense of Definition 1, we fix
the data of a matrix α ∈ u(r1). We construct a group G associated to the quiver as in the
previous section except that we do not include the group determined by the m-th node, and so
G = U(1)m−1. We denote by xk−1 ∈ Hom(Vk−1, Vk) ∼= C(k−1)k a choice of representation for the
arrow that points towards the k-th node; likewise, the arrow leaving that node is represented by
some xk ∈ Hom(Vk, Vk+1) ∼= Ck(k+1), as in Figure 3 above. For each k within 1 < k < m, the
corresponding moment map for the U(rk)-component of the action is
µi(x1, . . . , xm−1) = xk−1x∗k−1 − x∗kxk,
by the previous section. When k = 1, this moment map is simply
µ1(x1, . . . , xm−1) = x∗1x1,
where we omit a minus sign without loss of generality. Then,
Fr := PQ(α, 0, . . . , 0) =
(
µ−11 (α) ∩
m−1⋂
k=2
µk(0)
)
/
m−1∏
k=1
U(rk).
Note that we take the choice of α to be understood when we write simply Fr.
Because of how we constructed G, there is a residual action of U(rm) on Fr with moment map
µm(x1, . . . , xm−1) = xm−1x∗m−1.
The map µm : Fr → u(rm) embeds the flag variety as a coadjoint orbit for U(rm). Likewise, the
residual action of U(rm)
C = GL(rm,C) on T ∗Fr has moment map
νm(x1, . . . , xm−1; y1, . . . , ym−1) = xm−1ym−1.
The image of this map is a subvariety of the nilpotent cone in gl(rm,C) and, for the complete flag,
this map is the Springer resolution for the Lie algebra sl(r,C).
If we were to quotient of either Fr or T
∗Fr by the (complexified) residual action then we would
obtain a zero-dimensional variety. However, if take a number of A-type quivers that share a common
maximal label r and identify the nodes with those maximal labels, then we produce a new shape
of quiver, the star-shaped quiver, an example of which appears in Figure 4.
10 STEVEN RAYAN AND LAURA P. SCHAPOSNIK
Figure 4. Several A-type quivers sharing a common maximal label r have been
joined together to form a star-shaped quiver Q.
If there are sufficiently-many A-type quivers glued in this way and we quotient by the full action
(i.e. by the group G that includes the automorphisms of the central node), the dimension of the
resulting quiver variety will be nonzero. We refer to the A-type quivers as the arms of the star-
shaped quiver. In Figure 4 above, the i-th arm of the star shaped quiver has been given labels. To
the star-shaped quiver, we also add g loops to the central node of Q (hence, 2g loops to the central
node of Q). This produces the so-called comet quiver, an example of which is shown in Figure 5
below.
Figure 5. A comet-shaped quiver.
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As per the conventions of the previous section, a representation of the j-th loop of Q is a choice
of matrix aj ∈ sl(r,C). Suppose that there are n arms. Consider the i-th arm and let its string be
given by the vector ri = (ri1, r
i
2, . . . , r
i
mi), where r
i
mi = r, as in Figure 4. When each and every arm
is the complete flag, we refer to the quiver as the complete comet, as in Figure 6 (a). When each
and every arm is the minimal flag, we refer to the quiver as the minimal comet, as in Figure 6 (b).
Figure 6. (a) A complete comet; (b) a minimal comet.
Let the ordinary quiver variety associated to the comet quiver be denoted Pg
r1,...,rn
(α). This quiver
variety arises, as a symplectic quotient, from the choice α of n matrices αi ∈ u(ri1). Considering
the residual action on the central node by SU(r), the associated moment map is now
µ? :
(Fr1(α1)× · · · × Frn(αn))× sl(r,C)g → su(r)
given by
µ?(x, a) =
n∑
i=1
(ximi−1(x
i
mi−1)
∗)0 +
g∑
j=1
[aj , a
∗
j ],
where the subscript 0 is again an instruction to remove the trace (and we have identified Lie algebras
with their duals). Then, we have
Pg
r1,...,rn
(α) := µ−1? (0)/SU(r).
Proposition 2. The complex dimension of Pg
r1,...,rn
(α) is
∑n
i=1 fri + (g − 1)(r2 − 1).
Proof. The formula follows immediately from the fact that the quotient variety Pg
r1,...,rn
(α) is equiv-
alent, by the Kempf-Ness Theorem, to the geometric quotient of the Cartesian product(Fr1(α1)× · · · × Frn(αn))× sl(r,C)g
by the diagonal SL(r,C) action. 
Note that the dimension is independent of the choices of the αi.
Corollary 3. The complex dimension of Pg[r],...,[r](α) (i.e. where the quiver is the complete comet)
is
nr(r − 1)
2
+ (g − 1)(r2 − 1).
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The complex dimension of Pg(1,r),...,(1,r)(α) (i.e. where the quiver is the minimal comet) is
n(r − 1) + (g − 1)(r2 − 1).
For the Nakajima quiver variety of the comet, the corresponding moment maps are
µ? :
(
T ∗Fr1(α1)× · · · × T ∗Frn(αn)
)× T ∗sl(r,C)g → su(r)
ν? :
(
T ∗Fr1(α1)× · · · × T ∗Frn(αn)
)× T ∗sl(r,C)g → sl(r,C)
given respectively by
µ?(x, y, a, b) =
n∑
i=1
(ximi−1(x
i
mi−1)
∗ − (yimi−1)∗yimi−1)0 +
g∑
j=1
[aj , a
∗
j ] + [bj , b
∗
j ],
ν?(x, y, a, b) =
n∑
i=1
(ximi−1y
i
mi−1)0 +
g∑
j=1
[aj , bj ].
Then, we have
X g
r1,...,rn
(α) := (µ−1? (0) ∩ ν−1? (0))/SU(r).
We are particularly interested in the quotient X g
r1,...,rn
(α), which has dimension twice that in
Proposition (2). Note that the containment of T ∗Pg
r1,...,rn
(α) is now strict and so the projection
X g
r1,...,rn
(α)→ Pg
r1,...,rn
(α) is only rationally defined.
The relationship of Pg
r1,...,rn
(α) and X g
r1,...,rn
(α) to polygons and hyperpolygons, respectively, is
the subject of Section (3.2).
3.2. Geometry of generalized (hyper)polygons. When ri1 = 1 for each arm of the comet,
each matrix αi is simply a real number and we will always take αi ∈ R>0. In this situation, we
refer to isomorphism classes of representations of the comet — that is, classes [x, a] ∈ Pg
r1,...,rn
(α)
— as generalized n-gons of rank r, genus g, and length α. These objects generalize isomorphism
classes of ordinary n-gons (closed, with fixed side lengths and barycentre) in the Euclidean space
R3, which are elements of P0(1,2),...,(1,2)(α). As such, we refer to Pgr1,...,rn(α) as the moduli space of
generalized n-gons of rank r, genus g, and length α.
A representation in Pg
r1,...,rn
(α) determines a closed polygon in Rr2−1 ∼= su(r) in the following
way: the sides are given by the matrices (ximi−1(x
i
mi−1)
∗)0, which are determined respectively by
the representation of the closest arrow along the i-th arm to the central node, as well as the matrices
[aj , a
∗
j ] determined by the loops. From the symplectic point of view, the moment map condition
µ? = 0 on (Fr1(α1) × · · · × Frn(αn))× sl(r,C)g
is equivalent to asking that these matrices, when viewed as vectors in Rr2−1, make a closed figure
with n + g sides. If we move outward along any arm, each node (save for the terminal node with
label ri1 = 1) produces the moment map condition
(xik)
∗xik = x
i
k−1(x
i
k−1)
∗
in R(rik)2−1 ∼= su(rik) from the associated partial flag variety Fri(αi). The terminal node yields the
single condition
(xi1)
∗(xi1) = |xi1|2 = αi.
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In combination with the other moment map conditions, the condition |xi1|2 = α2i fixes the norms of
the matrices xik(x
i
k)
∗ and (xik)
∗xik for all k. In particular, each side (x
i
mi−1(x
i
mi−1)
∗)0 has Euclidean
length given by 1√
r
αi and the length of
∑g
j=1[aj , a
∗
j ] is given by
1√
r
∑
αi.
Classes in X g
r1,...,rn
(α) have a similar geometric interpretation as pairs of polygons, one with
2n + 2g sides in su(r) and the other with n + g sides in sl(r,C). The data of a representation
[x, y, a, b] satisfying the moment map equations yield a closed figure in su(r) with sides of the
form (ximi−1(x
i
mi−1)
∗)0, −((yimi−1)∗ximi−1)0, [aj , a∗j ], and [bj , b∗j ], with i ranging from 1 to n and j
ranging from 1 to g. At the same time, we have a closed figure in sl(r,C) with sides of the form
(xmi−1ymi−1)0 and [aj , bj ]. We refer to pairs of polygons of this form as hyperpolygons. Specifically,
the pair here is a hyper-n-gon of rank r, genus g, and length α and X g
r1,...,rn
(α) is their moduli space.
Note that, for the polygon in su(r), the length of the side (ximi−1(x
i
mi−1)
∗)0 needs not be 1√rαi.
Rather, it is the length of the difference (ximi−1(x
i
mi−1)
∗) − (yimi−1)∗ximi−1)0 that must be 1√rαi.
This feature makes plain the noncompactness of X g
r1,...,rn
(α) (as opposed to Pg
r1,...,rn
(α), which is
necessarily compact).
We refer to the polygon in su(r) as the bundle polygon and the one in sl(r,C) as the Higgs
polygon. The discussion in Section 4 will make clear the reason for this nomenclature.
3.3. U(1)-action on hyperpolygons. The quasiprojective variety X g
r1,...,rn
(α) comes with an ac-
tion of U(1) defined as so: if [x, y, a, b] ∈ X g
r1,...,rn
(α) is a generalized hyperpolygon, then we have
[x, y, a, b]
θ−→ [x, exp(iθ)y, a, exp(iθ)b].
It is easy enough to check that this action is Hamiltonian with regards to the ωI symplectric form.
Had we defined X g
r1,...,rn
(α) as a GIT quotient, this action can be promoted to an algebraic action
by C∗, preserving the I complex structure.
This action was used in Section 3 of [12] to compute, via Morse-Bott localization, the Betti
numbers of the rational cohomology ring in the case of the minimal comet with no loops. The
calculations would be similar in the case of an arbitrary comet, although as our interests are
more geometrical rather than topological here, we leave this aside. Rather, we focus on the fol-
lowing observation. While every Nakajima quiver variety enjoys such an action, it is interesting
to note its interpretation in terms of the geometry of hyperpolygons. Note that the expressions
((yimi−1)
∗yimi−1)0 and [bj , b
∗
j ] are invariant under the action, and so the bundle polygon is invariant
geometrically. On the other hand, the expressions (xmi−1ymi−1)0 and [aj , bj ] are not generally
invariant under the action. In particular, the moduli space of generalized polygons Pg
r1,...,rn
(α),
which sits inside X g
r1,...,rn
(α) as the zero locus of T ∗Pg
r1,...,rn
(α), is fixed under the action.
As such, in any hyperpolygon [x, y, a, b] the bundle polygon is static while the Higgs polygon is
rotated through θ within the ambient Lie algebra. This feature of the U(1)-action resembles that
of the action on the moduli space of Higgs bundles on a compact Riemann surface [21], which has
a Hamiltonian U(1)-action (respectively, an algebraic C∗-action). This leads to a localization for
the Higgs bundle cohomology, as originally done in rank 2 in [21] (cf. [41] for a survey in arbitary
rank). On the Higgs bundle moduli space, the action leaves vector bundles invariant while rotating
Higgs fields — and in particular, the moduli space of stable bundles is invariant. This similarity
between hyperpolygons and Higgs bundles motivates the analogy of the next section.
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4. Relationship to Higgs bundles
4.1. Analogy with Hitchin equations. We take ri = 1, rim = r from now on, to maintain
the hypotheses of the preceding section. The construction above realizes the Nakajima quiver
variety X g
r1,...,rn
(α) as the set of solutions to a set of equations in spaces of matrices, divided by the
complexified adjoint action of the group G = SU(r)× U(1)n. We isolote these equations here:
Definition 4. For each α ∈ Rn>0, the hyperpolygon equations are:
(i)
n∑
i=1
(ximi−1(x
i
mi−1)
∗ − (yimi−1)∗yimi−1)0 +
g∑
j=1
[aj , a
∗
j ] + [bj , b
∗
j ] = 0
(ii) xik−1(x
i
k−1)
∗ + yik(y
i
k)
∗ − (xik)∗xik − (yik−1)∗yik−1 = 0, k = 2, . . . ,mi − 2, i = 1, . . . , n
(iii) |xi1|2 − |yi1|2 = αi, i = 1, . . . , n
(I)
n∑
i=1
(ximi−1y
i
mi−1)0 +
g∑
j=1
[aj , bj ] = 0
(II) xik−1y
i
k−1 − yikxik = 0, k = 2, . . . ,mi − 2, i = 1, . . . , n
(III) yi1x
i
1 = 0, i = 1, . . . , n
We single out these equations for the reason that they are discrete analogues of the Hitchin
equations [21], which are equations on a smooth Hermitian bundle E over a Riemann surface X.
In particular, equation (i) is the analogue of the first Hitchin equation
F (A) + φ ∧ φ∗ = 0
in which the failure of a unitary connection A on E to be flat is expressed in terms of a Higgs field
φ : E → E ⊗K, where φ is linear in functions (i.e. φ(fs) = fφ(s) for any section s ∈ Γ(E) and
any function f ∈ C∞(X)) and K is the canonical line bundle of X (i.e. the bundle of holomorphic
one-forms). Here, we may identify the term
∑n
i=1(x
i
mi−1(x
i
mi−1)
∗)0 +
∑g
j=1[aj , a
∗
j ] with F (A) and
the term −((yimi−1)∗yimi−1)0 +
∑g
j=1[bj , b
∗
j ] with φ∧ φ∗. In particular, the failure of the connection
to be flat is paralleled in the failure of the (ordinary) polygon to close. The way in which the Higgs
field “flattens” the connection (we have F (A + φ + φ∗) = 0) is analogous to the way in which the
y and b data close the figure in su(r). Likewise, equation (I) is the analogue of the second Hitchin
equation
d′′Aφ = 0
that makes φ holomorphic with respect to the holomorphic structure on E induced by A. Equation
(I) can be thought of as “holomorphicity at infinity” for an associated Higgs bundle, which we
describe now.
4.2. Associated meromorphic Higgs bundle and tame character varieties. In the g = 0
(i.e. star-shaped) case with sufficiently generic α, one can identify elements [x, y] ∈ X 0r1,...,rn(α) with
meromorphic Higgs bundles of rank r on an n-punctured complex projective line, where β is an
appropriate choice of parabolic weight vector along the divisor of punctures. This was accomplished
in Section 4 of [12] in the case that each arm has the minimal flag type. The construction of an
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associated Higgs bundle from [12] is actually independent of the flag type. To see this, let E stand
for P1 × Cr with the trivial holomorphic structure and let D = ∑ni=1 zi be the divisor, such that
the zi are pairwise distinct and none are ∞. Then, define
φ[x,y](z) =
n∑
i=1
(ximi−1y
i
mi−1)0
z − zi dz.
The pair (E, φ) defines a Higgs structure on the trivial rank-r bundle on P1 that is memorphic along
D, associated to the generalized genus-0 hyperpolygon [x, y]. Equation (I), which is a condition on
the zi-residues of φ[x,y], ensures that φ[x,y] is holomorphic at ∞ ∈ P1. Specifically for g = 0, r = 2,
it was shown in [16] that the map
[x, y] 7→ [φ[x,y]]
is an embedding of moduli spaces for α sufficiently generic, where [φ[x,y]] is the isomorphism class of
φ[x,y] under the conjugation action of holomorphic automorphisms of E. The corresponding moduli
space of the Higgs fields φ[x,y] is defined using slope stability with respect to a parabolic weight
vector β. The weights β can be used to turn (E, φ[x,y]) into a strictly parabolic Higgs bundle and
are determined, albeit non-uniquely, from α. This can be done for any r but, for our purposes, we
will not need to compute β explicitly. Note also that the residues are nilpotent of order equal to the
length of the corresponding arm. For example, if the i-th arm is complete, then (ximi−1y
i
mi−1)
r
0 = 0
by the moment map conditions. For a minimal arm, we have (ximi−1y
i
mi−1)
2
0 = 0.
The above construction of a Higgs bundle from a hyperpolygon can be extended to higher genus.
The easiest way to accomplish this is to consider (X, C), where X is either the standard complex
or hyperbolic plane and C is a regular tiling of X. We then define a matrix-valued one-form on
X from [x, y, a, b] ∈ X g
r1,...,rn
(α) as follows. First, if g = 0, then X is the standard plane with the
fundamental cell equal to the whole plane; if g = 1, then X is the standard plane with C a rhombus
tiling that is regular with regards to the standard Euclidean metric; or if g > 1, then X is the
hyperbolic plane with C a tiling by 2g-gons with a unit cell that is regular with regards to the
Poincare´ metric. Then, we choose n distinct points zi in the fundamental cell and construct
φ[x,y,a,b](z) =
n∑
i=1
(ximi−1y
i
mi−1)0
z − ιz(zi) dz,
where ιz : C → C translates zi to the copy of the fundamental cell to which z belongs (which can
be accomplished by choosing an appropriate element of a Fuchsian group Γ). When X = C and the
cell is all of X, we obtain a meromorphic Higgs field for the trivial vector bundle E = P1 × Cr by
compactifying the plane. (Here, ιz is the identity.) When X = C and we have the lattice determined
by the rhombus tiling, then φ[x,y,a,b] descends to a well-defined object on the compactification of
the quotient by the lattice, yielding a meromorphic Higgs field for the trivial rank-r bundle on an
elliptic curve C, with complex structure determined by the modulus of the cell and punctures along
D =
∑
zi. In the hyperbolic case, φ[x,y,a,b] descends to a meromorphic Higgs field for the trivial
rank-r bundle on genus-g ≥ 2 Riemann surface C punctured along D = ∑ zi. The condition
n∑
i=1
(ximi−1y
i
mi−1)0 =
g∑
j=1
[bj , aj ]
16 STEVEN RAYAN AND LAURA P. SCHAPOSNIK
intertwines the residues of φ[x,y,a,b] at the punctures with the fundamental group of the surface.
The construction of φ[x,y,a,b] as a Higgs field for the trivial bundle on a genus-g surface makes clear
the descriptor “of genus g” attached to our generalized hyperpolygons.
Note that two different representatives of the class [x, y, a, b] ∈ X g
r1,...,rn
(α) differ by an element
g ∈ GL(r,C). At the same time, g transforms φ[x,y,a,b] by
φ[x,y,a,b] 7→ g−1φ[x,y,a,b]g,
which is precisely the notion of equivalence for Higgs fields for the trivial rank-r bundle. As in
the g = 0 case, we can also prove that genericity of α corresponds with β-stability for a parabolic
structure on E induced by the flags and α. As the weights are unimportant to us, the meromorphic
Higgs bundle (E, φ[x,y,a,b]) can be transformed by clearing denominators into a so-called “twisted”
Higgs bundle or “Hitchin pair” (E, φ˜[x,y,a,b]) (i.e. where the Higgs field is of the form φ : E →
E⊗K⊗L for some holomorphic line bundle L). Such objects enjoy the same notion of equivalence
but are subject to the usual Mumford-Hitchin slope stability (as opposed to parabolic stability).
Furthermore, because the underlying bundle E is trivial, the resulting twisted Higgs bundle is
automatically semistable. This can be packaged into the following result:
Theorem 5. Let the map [x, y, a, b] 7→ [φ[x,y,a,b]] and the quotient Riemann surface C be as above.
The map embeds Xg
r1,...,rn
(α) into the locus of the moduli space of rank-r, degree-0, slope-semistable
twisted Higgs bundles on C consisting of pairs (E, φ˜[x,y,a,b]) in which E is holomorphically trivial.
4.3. Comparison in the D˜4 case. For an illuminating example of the relationship between hy-
perpolygons, Higgs bundles, and their moduli spaces, we consider the case where g = 0, n = 4 and
each flag is of the form ri = (1, 2) = [2]. Then, X 0[2],[2],[2],[2](α) is the Nakajima quiver variety for
the affine Dynkin diagram D˜4, which is the star-shaped quiver with 4 outer nodes. Furthermore,
its labelling is such that the complex dimension of the quotient is 2. Hence, by the aforemen-
tioned McKay-Kronheimer-Nakajima correspondence, X 0[2],[2],[2],[2](α) is a noncompact, complete
hyperka¨hler 4-manifold admitting the structure of an ALE gravitational instanton. Furthermore,
by virtue of its being a complex variety, it is also a noncompact K3 surface. In this case, the associ-
ated Higgs bundles are parabolic of rank 2 on P1 with 4 tame punctures. Their stable moduli space
is well known to be a noncompact K3 surface with a hyperka¨hler metric — Hitchin’s L2-metric —
which is also complete and has recently been shown to be ALG [14]. Unlike the Nakajima metric,
the Hitchin one arises from an infinite-dimensional hyperka¨hler quotient. As the two metrics are
both already complete, the embedding of moduli spaces cannot be an embedding of hyperka¨hler
varieties (in fact, they are compatible only in the I complex structures). Also, in the Higgs moduli
space, there are Higgs bundles with underlying bundle E = O(1)⊕O(−1) ∼= K−1/2 ⊕K1/2, where
K1/2 is the unique spin structure (i.e. holomorphic square root of K) on the line. These Higgs bun-
dles are the complement of the embedding. In other words, the difference between X 0[2],[2],[2],[2](α)
and the associated parabolic Higgs bundle moduli space is precisely what is known as the Hitchin
section of the Hitchin fibration. (See also Section 4.1 “H3 surfaces” in [10] for further discussion
of these examples.)
Hence, while there is an embedding of X 0[2],[2],[2],[2](α) into a Higgs moduli space, the metrics are
incompatible and one should view the actual geometric relationship in a different way. A more
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universal point of view is that X g
r1,...,rn
(α) is a linearization of an appropriately-defined character
variety on a punctured, tame genus-g curve, which of course is diffeomorphic to a corresponding
Higgs bundle moduli space by nonabelian Hodge theory. This point of view is made plain in
equation (I), which is the linearization of the usual character variety definition on a punctured
surface. The character variety itself should be thought of as a multiplicative quiver variety, defined
using group-valued moment maps and quasi-Hamiltonian reduction (e.g. [8, 9]). The geometry
of the multiplicative variety converges less rapidly to a Euclidean geometry at infinity than the
corresponding “additive” varieties that we are considering. This is the origin of the ALE / ALG
difference in the D˜4 example. (One may also wish to compare X 0[2],[2],[2],[2],[2](α) to the 5-punctured
case in [43].) The topic of the asymptotic geometry of the Nakajima metric on hyperpolygon spaces
and how it compares to the Hitchin metric is the topic of forthcoming work of the first named author
and H. Weiß.
5. The integrable system
The relationship of hyperpolygons to Higgs bundles raises the question of whether X g
r1,...,rn
(α)
possesses an integrable system, in the spirit of the Higgs bundle moduli space [22]. It is generally
expected that Nakajima quiver varieties ought to be algebraically completely integrable Hamiltonian
systems with a Hitchin-like fibration (cf. the commentary at the end of [39]). For the minimal-flag
moduli space X 0[1,r],...,[1,r](α) for r ≤ 3 and arbitrary n, this was proven explicitly in Section 4 of
[12] by embedding these spaces into an associated tame parabolic Higgs bundle moduli space on
the punctured sphere. For r = 3, the minimality of the flags means that image of the embedding
[x, y] 7→ [φ[x,y]] lies in a non-generic locus of the associated Hitchin system where the derivative of
the Hitchin map drops in rank and thus extra analysis is required to demonstrate that the image
constitutes a sub-integrable system (cf. [23] for further inquiries along this theme in the context of
the Hitchin system).
Owing to the map [x, y, a, b] 7→ [φ[x,y,a,b]] one way to proceed, as in [12], is as follows: to equip
X g
r1,...,rn
(α) with appropriate Hamiltonians, we take the real and imaginary parts of the compo-
nents of the characteristic polynomial of the one-form-valued endomorphism φ[x,y,a,b]. This equips
X g
r1,...,rn
(α) with the Hitchin Hamiltonians coming from the I complex structure on the correspond-
ing parabolic Higgs bundle moduli space (cf. [34] for the non-strict parabolic case and [3] for the
strict case, for instance). Equivalently, we can again clear the denominators in φ[x,y,a,b] and produce
an associated matrix-valued polynomial φ˜[x,y,a,b], whose characteristic coefficients we then extract.
This equips X g
r1,...,rn
(α) with the Beauville-Markman Hamiltonians [35] from the moduli space of
twisted Higgs bundles. In the case of the complete comet, the integrability is assured because the
embedding of moduli spaces intersects every Hitchin fibre in parabolic Higgs moduli space and so
the Hamiltonians remain globally independent. Here, the codomain of the Hamiltonians is
B =
r⊕
i=2
H0(X,K⊗i(Di−1)),
where X and D are the Riemann surface and divisor constructed in the previous section. The affine
space B is in fact the base of the corresponding Hitchin fibration for the strictly parabolic Higgs
bundle moduli space with complete flags at the punctures. In the event of a flag that is incomplete,
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then the residues will not be generic and only certain non-generic Hitchin fibres (corresponding to
singular spectral curves) will intersect the image of the embedding. In this case, one has to establish
functional independence by some technique, such as the algebraic disingularization technique in
Section 4 of [12] used for minimal flags. In this case of the minimal comet, we have
B =
r⊕
i=2
H0(X,K⊗i(D)).
In some sense, it is more satisfying to have a description of integrability of X g
r1,...,rn
(α) that does
not rely upon an embedding into a Hitchin moduli space, as the embedding necessitates a choice
of marked Riemann surface. Put differently, there ought to be an intrinsic set of Hamiltonians on
X g
r1,...,rn
(α). We accomplish this in the case of the complete and minimal comets by appealing to
the Gelfand-Tsetlin integrable system on each T ∗Fri .
Theorem 6. When each arm of the comet quiver is either complete or minimal, the moduli space
X g
r1,...,rn
(α) is an algebraically completely integrable Hamiltonian system of Gelfand-Tsetlin type
with Hamiltonians depending only on the data [x, y, a, b] of a representation.
Proof. First, note that the quotient map corresponding to the reduction(
T ∗Fr1(α1)× · · · × T ∗Frn(αn)
)× T ∗sl(r,C)g → X g
r1,...,rn
(α)
is a Poisson morphism, and so the Gelfand-Tsetlin Poisson structures on the phase spaces T ∗Fri
and the standard Lie-Poisson structure on T ∗sl(r,C)g descend to a well-defined one on X g
r1,...,rn
(α),
which we identify with the one arising from ωI . (Note that these are all incantations of the Lie-
Poisson structure on sl(r,C), as the T ∗Fri are resolutions of closures of nilpotent orbits in sl(r,C),
which are singular affine Poisson varieties). In particular, the Hamiltonians on each summand
descend to the quotient and Poisson commute with regards to the quotient Poisson structure.
What needs to be accounted for is dependency in the quotient Hamiltonians.
Suppose the i-th arm is complete. Then there is a sequence of trace-free matrices (xik−1y
i
k−1)0
of size k× k, k = 2, ..,m. The moment map conditions (I)-(III) force the k× k matrix (xik−1yik−1)0
to be nilpotent of order k, and so can be put into a form where it has an upper (or lower) block
of size (k − 1)× (k − 1) which in general is not nilpotent. We denote this block by bik−1k. Each of
these blocks contributes k − 1 characteristic coefficients. We think of these as traces tj , where the
trace tk−1 is identified with the determinant of bik−1 and so t1 is the ordinary trace. We can index
these invariants as maps
hij,k : (x
i
k−1y
i
k−1)0 7→ tj(bik−1)
for j = 1, . . . , k−1. These traces are a well-known complete set of complex-valued Hamiltonians for
the Gelfand-Tsetlin integrable system for T ∗F[r]. The total number of generally nonzero functions
of this form is 1+2+ · · ·+(r−1) = r(r−1)/2, which is the complex dimension of F[r], as expected.
When the i-th arm is minimal rather than complete, then the arm has associated to it a single
r × r matrix (xim1−1yimi−1)0 = (xi1yi1)0 that is nilpotent of order 2. A nontrivial complex-valued
Hamiltonian function is obtained from the entry in the top-right (or bottom-left) corner of this
matrix. This can be completed to a set of r − 1 Poisson-commuting functions for the Gelfand-
Tsetlin system on T ∗F(1,r) = T ∗Pr−1, whose Hamiltonians we do not make explicit although their
existence can be guaranteed in spite of the irregularity of the associated nilpotent orbit (see for
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instance [40]). In particular, we have exactly as many independent invariants as the complex
dimension of F(1,r) = Pr−1.
Lastly, the j-th copy of T ∗sl(r,C) is coordinatized by position-momentum variables (aj , bj). Prior
to any reduction of this variety, the Hamiltonians are the r2 − 1 independent entries bjp,q of the
matrices bj themselves. As there are g of these summands, we have a total of g(r2 − 1) invariants.
Hence, the quotient system on X g
r1,...,rn
(α) has at most
cr(r − 1)/2 + (n− c)(r − 1) + g(r2 − 1)
nontrivial functionally-independent Hamiltonians, where c is the number of complete arms and
n − c is the number of minimal arms. Now, consider the final reduction yielding X g
r1,...,rn
(α) as a
geometric quotient by SL(r,C). This means that we take the complex quotient ν−1? (0)/SL(r,C).
We divide the remainder of the proof into two cases.
Consider g = 0 first. Note that the matrices (xim1−1y
i
mi−1)0 along the first i = 1, . . . , r arms can
all be fixed via the multiplication action of SL(r,C) on the central node. (In order for the dimension
of the moduli space to be nonnegative in this case, we need n to be at least r+1 anyway.) Moreover,
the data (xr+1mr+1−1y
r+1
mr+1−1)0 along the (r+1)-th arm is dependent on the other arms by the complex
hyperpolygon equations (I)-(III). Hence, we subtract (r+ 1)(r− 1) = r2− 1 from the upper-bound
in each case to get the exact number of Hamiltonians.
We turn now to g ≥ 1. Here, the multiplication action fixes the matrix a1 ∈ sl(r,C) and,
subsequently, b1 ∈ sl(r,C) is completely determined by equation (I). As a result, the invariants b1p,q
all become functionally dependent on the x and y data of the arms, which are untouched by the
action. Hence, we remove r2 − 1 from the total.
As a final tally, the total number of independent Hamiltonians becomes
cr(r − 1)/2 + (n− c)(r − 1) + (g − 1)(r2 − 1).
This is precisely the dimension of Pg
r1,...,rn
(α) when there are exactly c complete arms and n − c
minimal ones, as per Proposition (2). We therefore have the desired maximal set of Poisson-
commuting, functionally-independent Hamiltonians for the induced Poisson structure. 
Immediately, we have:
Corollary 7. When the comet is complete, a maximal set of independent Gelfand-Tsetlin Hamil-
tonians is given by
• hij,k : (xik−1yik−1)0 7→ tj(bik−1) for j = 1, . . . , k − 1, k = 2, . . . ,m, i = r + 2, . . . n when g = 0;
• hij,k : (xik−1yik−1)0 7→ tj(bik−1) for j = 1, . . . , k − 1, k = 2, . . . ,m, i = 1, . . . n when g = 1;
• hij,k : (xik−1yik−1)0 7→ tj(bik−1) for j = 1, . . . , k − 1, k = 2, . . . ,m, i = 1, . . . n and bjp,q for
j = 2, . . . , g, 1 ≤ p, q ≤ r (but omit bjr,r) when g > 1.
Finally, it is worth noting that, when there is at least one arm that is neither complete nor
minimal, the combinatorics do not necessarily align in an obvious way to produce the correct
half-dimensional result.
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6. Further directions
6.1. Mirror symmetry and triple branes. Here, we explore a different side of the physics of
hyperpolygon spaces — namely mirror symmetry. Given any hyperka¨hler variety with quaternions
I, J and K and respective symplectic forms ωI , ωJ and ωK , we may ask how a given subvariety
is compatible with those structures. Borrowing terminology from string theory, we refer to a La-
grangian subvariety with respect to one of the symplectic forms as an A-brane and to a complex
subvariety with respect to one of the complex structures as a B-brane. Accordingly, when consid-
ering the whole hyperka¨hler structure of the hyperka¨hler variety one can seek subvarieties that are
(B,B,B), (A,B,A), (B,A,A), or (A,A,B) with respect to the complex structures (I, J,K) and
the associated symplectic forms. We call these “triple branes” in general.
For the moduli space of Higgs bundles without punctures, triple branes were considered in [29],
where this moduli space is the target space for a topological sigma model. Four-dimensional S-
duality for this model corresponds to mirror symmetry between the modui space of G-Higgs bundles
and the moduli space of LG-Higgs bundles, where LG is the Langlands dual of a complex reductive
group G. In particular, triple branes in one moduli space are dual to ones in the mirror. This
observation has inspired the construction of many different types of branes in the Higgs moduli
space through finite group actions and through holomorphic and anti-holomorphic involutions (e.g.
see [4, 5, 20]). The involution technique has been adapted to the study of framed instantons in
[13], while the group-action technique has been used to construct triple branes in quiver varieties
[26, 25].
On the one hand, there exists a convenient characterization for when A-branes and B-branes
arise from involutions (cf. [4] for instance). Given an analytic involution I on a nonsingular
hyperka¨hler variety, its fixed-point locus F is an A-brane with respect to the complex structure I
if I and I anti-commute, that is, if II = −II. In other words, F is an A-brane if the involution
is anti-holomorphic with respect to I. On the other hand, F is a B-brane with respect to I if I is
holomorphic with respect to I, that is, if II = II. We can perform the same tests for I against J
and K. If for each of I, J,K we have that F is either A-type or B-type, then F is a triple brane
described accordingly as one of (B,B,B) or (A,B,A) and so on.
On the other hand, the method in [26, 25] for producing branes in Nakajima quiver varieties uses
quiver automorphisms σ of Rep(Q) satisfying certain hypotheses:
(i) for all xij and y
i
j , the automorphism satisfies σ(y
i
j) = σ(x
i
j)
∗;
(ii) either σ(xij) ∈ {xi1, . . . , ximi−1} for all i in which case it isQ-symplectic, or σ(xij) ∈ {yi1, . . . , yimi−1}
for all i, j, in which case it is Q-anti-symplectic.
Turning now to the specific hyperka¨hler structure on X g
r1,...,rn
(α), it is reasonable to ask about
the existence of triple branes. We note here that triple branes within hyperpolygon spaces with
r = 2 and g = 0 were constructed as examples in [25] (and some of these were recently studied in
some detail in [17]). To provide an additional example of a brane — one that does not arise from
a σ of the type above and which is furthermore valid for an arbitrary comet1 — we consider the
1The partial flags allowed in generalized hyperpolygons could potentially fit within the framework of generalized
B-opers introduced in [7], which yields branes that do not arises from involutions.
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involution on X g
r1,...,rn
(α) that negates cotangent directions:
I− : [x, y, a, b] 7→ [x,−y, a,−b]. (6.1)
The fixed point locus is given by the hyperpolygons of the form [x, 0, a, 0], which is precisely the
generalized polygon space Pg
r1,...,rn
(α).
Proposition 8. The polygon space Pg
r1,...,rn
(α) is a (B,A,A)-brane within X g
r1,...,rn
(α).
Proof. Consider the involution I− in (6.1) and the complex structures I, J,K on X gr1,...,rn(α) defined
in (2.3)-(2.5). At any hyperpolygon [x, y, a, b], we can easily check how I− behaves with respect to
I, J,K. We compute this for J and K here:
JI−[x, y, a, b] = J [x,−y, a,−b]
= [y∗, x∗, b∗, a∗]
= I−[y∗,−x∗, b∗,−a∗]
= −I−J [x, y, a, b]
KI−[x, y, a, b] = K[x,−y, a,−b]
= [iy∗, ix∗, ib∗, ia∗]
= I−[iy∗,−ix∗, ib∗,−ia∗]
= I−K[−x,−y,−a,−b]
= −I−K[x, y, a, b]
In other words, I− is anti-holomorphic with respect to each of J and K. A repetition of this cal-
culation for I reveals I− to be holomorphic in that complex structure. Thus, by our characterization
above, the fixed point set Pg
r1,...,rn
(α) is a (B,A,A)-brane. 
The reader may wish to compare this result with an analogous one of [13, Section 3.2], where
a sign involution is studied on quiver varieties but whose fixed point set is indicated to be a
(B,B,B)-brane.
6.2. Dualities between tame and wild hyperpolygons. As an extension of the preceding
constructions, we might also allow comet-shaped quivers in which two or more edges e are permitted
between two consecutive nodes along an arm (and hence two or more corresponding −e arrows in
the doubled quiver). We describe this as a wild comet and describe classes in the resulting quiver
variety as wild hyperpolygons, and examples of such quivers appear below in Figure 7. From this
point of view, our earlier hyperpolygons would be tame hyperpolygons representing a tame comet.
Wild hyperpolygons generalize similar objects arising from star-shaped quivers with multiple arrows
between consecutive nodes in [1].
To motivate one final observation, we wish to consider yet again the case where X g
r1,...,rn
(α) arises
from a tame comet in which each flag is the same — for example, the complete and minimal comets.
One can note that there is a certain ambiguity here. We can consider a hyperpolygon [x, y, a, b] as
being a represenation a tame comet or from a wild comet with a single arm but with n-many x
arrows and n-many y arrows connecting any two consecutive nodes. The wild comet comes about
by identifying corresponding nodes of the arms. We should note that the moment map equations
for the tame comet are specializations of the ones for the wild comet and so there is a valid sense
in which one quiver variety embeds into the other. At the level of associated Higgs bundles, we are
isolating a locus of wild Higgs bundles with an order-n pole at infinity that is constructed from a
tame Higgs bundle with n-many order-1 poles, simply by rearranging the residues. The passage in
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and out of this locus, accomplished by means of quiver mutations, is closely related to degenerations
of Painleve´ equations.
Figure 7. (a) An example of a tame comet; (b) an example of a wild comet, whose
pole order at the marked point is given by the number of the same direction between
two consecutive nodes.
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